4. Reprodueibility of data was very
much poorer in the 24-in. column,
especially at the lower velocities.

No entirely satisfactory explanation
can be offered to account for all these
somewhat surprising results. The author
expected larger bubbles in the large
column and suspects that large bubbles
were actually present but that only
occasionally would the bubble paths
contact the probe. One reason for be-
lieving this » ww generally poorer re-
producibility of the 24-in. data in
comparison with the 4-in. data. Figure 9
shows a good example of this phenome-
non. For the first part of the trace
practically no bubbles were evident.
This was followed immediately by a
period in which many large bubbles
contacted the probe. Since the probe
was located in the horizontal center of
the bed, it would have been possible for
the bubbles periodically to channel
around the probe through other vertical
paths. Another reason for suspecting
the presence of bubbles in the 24-in.
column (but generally undetected by the
capacitance probe) is the difference be-
tween the over-all density (measured by
bed volume and powder weight) and
local density at the probe. This difference
is in the direction one would expect for
such an occurrence. An example of the
difference in density is as follows:

Run 24-2

Powder size: —60 mesh
Probe height: 48 in.
Superficial gas

velocity: 0.5 ft./sec.
Over-all density: 47.5 Ib./cu. ft.

Local density at probe: 59. 1 lb./cu. ft.

These are believed to be real differences
in density. The presence of large bubbles
or bubble paths in this column was con-
firmed subsequently by the helium tracer
technique, which showed gross gas by-
passing. Because of this nonrepresenta-
tive sampling in the center of the bed
only, the results obtained in the 24-in,
column and reported here should not be
used as a true indication of the effect of
the primary variables throughout the
entire bed.

CONCLUSIONS
4—inch Column

1. Over the ranges studied, all operat-
ing variables except bed height had a
measurable influence on the uniformity
of density throughout the bed.

2. Gas velocity through the powder
bed had by far the greatest effect on
uniformity, with uniformity generally de-
creasing with an increase in gas velocity.
This was interpreted to mean that most
gas introduced in excess of the rate for
incipient fluidization passes through the
bed in the form of various-sized bubbles.

3. Better uniformity at the lower bed
level indicates that bubbles grow in size
as they proceed up the column.

4. Bubble growth is accelerated by a
coarser powder,

5. Fine powder promotes the formation
of gas channels or bubble paths at low
gas velocities in the lower section of the
powder bed.

6. Except in the vicinity immediately
above it the type of distributor has
relatively little effect on uniformity.

Twenty-four—inch Column

1. The more uniform density (in
comparison with that of the 4-in.) found
in the horizontal center of the 24-in.
column is not believed to be representa-
tive of the entire bed.

2. Gas channels or distinct bubble
paths are believed to be present in the
column.

ACKNOWLEDGMENT

The author wishes to thank G. J. Hahn,
Statistical Methods Section, General Engi-
neering Laboratory, General Electriec Com-
pany, for the statistical calculations.

LITERATURE CITED

1. Dotson, James M., et al., Chem. Eng. 56,
128 (October, 1949).

2. Morse, R. D., and C. O. Ballou, Chem.
Eng. Progr., 47, 199 (1951).

3. Grohse, E. W., A.I.Ch.E. Jowrnal, 1,
No. 3, 358 (1955).

4. Davidson, Leon, and E. H. Amick, Jr.,
A.1.Ch.E. Journal, 2, 337 (1956).

5. Hanratty, Thomas J., George Latinen,
and Richard H. Wilhelm, A.I.Ch.E.
Jouwrnal, 2, 372 (1956).

6. Davies, O. L., “Statistical Methods in
Research and Production,” Oliver and
Boyd, London (1954).

Muanuscript recetved April 14, 1858; revision
received August 28, 1958; paper accepted August 31,
1958.

Viscous Flow Relative to Arrays of Cylinders

The free-surface model, successfully employed to predict sedimentation, resistance
to flow, and viscosity in assemblages of spherical particles, has been extended to the case
of flow relative to cylinders. It is shown to be in good agreement with existing data on
beds of fibers of various types and flow through bundles of heat-exchanger tubes for
cases where it can reasonably be expected to apply. Close agreement in the dilute range
with the only theoretical treatment for flow parallel to a square array of cylinders provides

interesting validation of the model.

The steady slow motion of fluids
relative to assemblages of spherical
particles has been previously treated
mathematically by the use of modifica~
tion of the unit-cell technique. Results
have been reported for sedimentatjon and
resistance to flow (1) as well as for
viscosity of suspensions (10). The present
development extends this theory to the
case of flow relative to groups of cylin-~
drical objects.
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The derivations are developed on the
basis that two concentric cylinders can
serve as the model for fluid moving
through an assemblage of cylinders. The
inner cylinder consists of one of the rods
in the assemblage and the outer cylinder
of a fluid envelope with a free surface.
The relative volume of fluid to solid in
the cell model is taken to be the same as
the relative volume of fluid to solid in
the assemblage of e¢ylinders. In effect one
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assumes that at a distance from the
disturbance to fluid motion caused by a
cylinder the velocity of flow will not be
greatly affected by the exact shape of the
outside boundary. The important con-
sideration is that the appropriate bound-
ary condition of no slippage along the
walls of the fluid envelope be maintained.
The situation is easily visualized in
Figure 1, which shows the unit cell in a
square array as compared with the model
assumed for axial flow. The cross-hatched
area occupied by fluid is the same for
both the array and model. The dotted
line indicates the outside boundary of
the fluid envelope at which a condition
of no friction is maintained. Employment
of appropriate boundary conditions en-
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ARRAY MODEL

Thus
- _Lldp
: 4u dx

9877 S,
A~ 7 /; T
_//é? % % [( )+ 26° 1 a]

The flow rate through the entire annulus
of fluid between r = a and r = b will be

(5)

Fig. 1. Free-surface model for axial flow.
—mdp

b
Q=2wﬁ urdrzgydx

ables closed solutions to be obtained for (6)
the Navier-Stokes equations by the use
of this model.

Two basic cases are considered; in the
first case flow is assumed to be parallel
to the axis of the cylinder, and in the
second, flow is at right angles to the
cylinder axis. These results are directly
applicable to the cases where fluid is 1 JoRTE 4
flowing parallel or perpendicular to a =g \fev T a
bank of cylinders. In the case of random
assemblages, where the cylinders are not
parallel to each other, it is necessary to
employ a weighted average. In the case
of flow perpendicular to cylinders the
model does not distinguish between
crossed or parallel arrangement of the
cylinders, and in such random assem-
blages it is necessary in averaging to
give twice the weight to the correlation
for flow perpendicular to eylinders as for
flow parallel to cylinders.

~[4azb2 — o' —3b' 4+ 4b"'In 2]

If u,,, = Q/area and Darcy’s equation
for flow through a porous medium is
written ua,, = — (K/u) (dp)/(dz),

(7
— 3b* + 40°1 9)
n a

The well-kknown Carman-Kozeny (3)
equation, derived on the basis of semi-
empirical reasoning, also gives an expres-
sion for the Darcy constant

em’

K== (8)

In the present case m = (b* — a?)/2a,
and thus the Kozeny constant becomes

.
I —e]l:2ln<ll_€> ~3+401 -9 —(1 —sf]

It should be noted that in this case the
solution obtained applies to the complete
Navier-Stokes equations.* The inertia
terms vanish because there is no change

k= ©)

FLOW PARALLEL TO CYLINDERS

The basic differential equation to be

solved is in cross section along the direction of
d du 1ldp flow, hence no velocity change in the z
L e (1) direction.
The solution to this equation for constant f ow PERPENDICULAR TO CYLINDERS
dp/dx is

The inertia terms are omitted from the
2 Navier-Stokes equations to obtain the

u i427‘2—}—;1 nr 4+ B : : ; :
creeping-motion equations. Expressed in

= 4u dx

In this case one assumes that fluid is gy hndr{cal tﬁoordmates and  for two
moving through the annular space MENSIONS These are
between the cylinder of radius a and the ap _ Ty — v, 200,
fluid envelope of radius b. (The same ar MY U T RT P
result could be obtained if the over-all
fluid motion were assumed to be zero 19p _ u(Vzvg Ve + 2 6%)
and the inner cylinder to be in motion.) r 96 ST
These boundary conditions give o, N o, N 1ov . 10
u=0 at r=a 3) ar ' r T rae
du -0 at r=5b 1t is convenient to employ the stream
dr ¢ function defined by the relations
whence by substitution in (2), v, = 19y and v, = 9y (11
A 1 dp b2 r d0 ar
- _21.1, dx (4) *Sparrow and Loefﬂer (1 2a) present an analytical
solution for the longitudinal laminar-low between
1 d %‘ylinlders atrapgedtin tmaﬁg}llar or Tquare %rray.
B=-—-200mha—d) tiom (8 abover % similar result for square spacing
4u dx wag also obtained by L. 8. Leibenson (Iia).
Vol. 5, No. 2 A.l.Ch.E. Journal

Equations (10) then assume the form of
the biharmonic equation

Vi =0 (12)

A suitable general solution of Equation
(12) is

¥ = sin 0[%07"3
(13)

+3Drnr — B + B+ L

In this case a solid cylinder of radius
is assumed to be moving perpendicular
to its axis in g fluid cell of radius b. (The
same result would be obtained if one
assumed that fluid is moving perpendic-
ular to a stationary cylinder of radius a.)
There is assumed to be no shearing stress
on the outside cylindrical fluid surface.

Under these assumptions the boundary
conditions are

uw=7U 1

v, = [ cosé J at r=a
vg = —Usin @ (149)
p, =0
tr=25%
gvg L3 _we o

or r 08 r

These conditions provide four simul-
taneous equations to establish the values
of the four constants. The drag on the
solid cylinder » = « requires the evalua-
tion of only one constant, since (12)

W = 2xuD (15)
The constant D is found to be
D=— =2 U (16)
n2 4+ e _
a ' b*4at ?
and thus
W - faul] an

b b4 . 4
il -3

If the cylinder remains stationary and
fluid passes it, the force associated with a
single eylindrical cell may be equated to
the pressure gradient

W dp

7 T do (18)
As previously stated, the Darecy equation
may be written u,,, = U = —(K/u)
(dp/dzx), and the Darcy constant is then
found to be

_v b _ ;((24_“,_91)]
K = 4 l:lna 2\ 4 ot (19)

Similarly on the basis of the Carman-
Kozeny theory K = (em?/k), and the
Kozeny constant becomes
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OIRECTION OF FLOW

Fig. 2. Tube-layout-definition sketch.

26

k:

1

(20)

RESULTS AND DISCUSSION

Table 1 gives a comparison of values of
the Kozeny constant computed from the
above equations and the theoretical value
for an assemblage of spherical particles
(11) based on the free-surface model.
Although the Kozeny constant for spheres
lies between those for parallel and per-
pendicular flow with cylinders for frac-
tional void volumes between 0.4 and 0.8,
at higher values of voidage the Kozeny
constant for spheres is higher than for
both types of cylindrical assemblage.
The model does not appear to be appli-
eable to fractional void volumes below
about 0.4 to 0.5.

Carman’s book (8) gives a comprehen-
sive survey of the available data on
fibers for testing the Carman-Kozeny
equation. He points out that elongated
shapes such as fibers can be readily
packed in a uniform manner to give high
porosities. Thus Davies (6) studied beds
of fibers used for air filters over a range
of € = 0.7 to 0.994 and obtained an
empirical relationship from which the

TasrLe 1. VaLues or tuz KozeENy

CONSTANT
Flow Flow Flow
Fractional parallel* perpen- through
void to dicular to assemblage
volume eylinders cylinders of spheres
0.99 31.10 53.83 71.63
0.90 7.31 11.03 11.34
0.80 5.23 7.46 7.22
0.70 4.42 6.19 5.79
0.60 3.96 5.62 5.11
0.50 3.67 5.38 4.74
0.40 3.44 5.28 4.54

*For the case of flow parallel to cylinders Sparrow
and Loeffler’s treatment (12¢) indicates that at high
fractional void volumes arrangement does not affect
permeability. At a fractional void volume of 0.5
they find ¥ =~ 3.5 for equilateral and & =~ 2.9 for
square array. Numerical results at lower voidages

iven by these authors show even greater deviations
g:atween equilateral and square arrangement.
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- e]{ln (1 _ G)B J_r 8 = 3:]}

Kozeny constant can be computed. For
€ < 0.8 the equation is applicable with
k = 6, but thereafter values of k rapidly
increase; at € = 0.9, &k = 9.7, and at
e = 099, # = 388. This is in good
agreement with values in Table 1, since
the orientation is neither parallel nor
perpendicular to flow. Other data do not
show such good agreement, but it is
difficult to judge the reliability of this
type of information because no exact

2¢’ _

function (9), which, though it represents
them closely above € =~ 0.8, becomes a
progressively poorer approximation at
lower porosities. At € = 0.9, the Emersle-
ben equation corresponds to &k = 6.3 and
compares with a value of k = 7.3 from
Table 1; this indicates that in this range
there is not much difference in the resist-
ance between a square array and the array
presumed by the free-surface model. At
lower porosities agreement is poorer,
but as porosity is increased, it becomes
exceptionally good.

Thus for small values of p Emersleben
(8) has shown that the Epstein zeta
function he uses can be represented as

Zyp) = —7 In p° — 8.234 (21)

For small values of p the Kozeny con-
stant can also be simply represented (6) as

3
€T
(1 —¢
For example when p = 0.1, which corre-
sponds to € = 0.97, Equation (22) gives
results for k about 59, too high.

Noting that p? = (1 — ¢)/m, one finds
that Equation (22) reduces to

3

[1—¢]{—1.476—In(1—¢)]

k:

1
X m (22)

(23)

Similarly for the free-surface model, as
(1~ € K (1 — ¢, Equation (9) be-
comes for dilute systems

3
€

k.:

[n— 4[-3 +2n (1 L e)]

data are reported on the fiber arrange-
ment.

Some data, which again show scatter,
are available for flow along parallel-
oriented fibers. Sullivan (13) has shown
that if textile fibers are oriented parallel
to one another and normal to the direc-
tion of flow, &k = 6 when ¢ < 0.85 and
increases at higher porosities. This is in
good agreement with Table 1. Sullivan
{18) also found that with bundles of
fibers combed parallel to the direction
of flow, k>~ 2.4 in the range of ¢ = 0.55
to 0.8, somewhat lower than the values
reported in Table 1. He found much
lower values of & for a series of experi-
ments with straight, smooth cylinders of
various materials, though again in all
these experiments there are questions of
degree of randomness of arrangement,
uniformity of diameter, and degree of
straighthess of the fibers.

Of special interest is Emersleben’s (7)
exact theoretical solution of the Navier-
Stokes equations for flow parallel to
uniform circular cylinders in a square
array. Emersleben represented the square
array of circular sections by contours of a
constant value of a special Epstein zeta

A.l.Ch.E. Journal

[1 —¢€[—1.5—I({1 —¢] 24)

This excellent agreement provides valida
tion for the free-surface model for dilute
systems.

At extremely high dilutions the loga-
rithmic term in Equation (23) will be
large compared with 1.476, and as
e—>1,k=—1/[1 -~ ¢ In (1 — ¢]
Similarly for flow perpendicular to
cylinders, Equation (20) reduces to
k= —2/[(1 — ¢ In (1 — ¢)]. Thus in
the extreme the resistance in the case of
flow perpendicular to ecylinders is just
double that for axial flow. The analogous
expression for flow through assemblages
of spheres is k = 1/[2(1 — ¢)].

As assemblages of uniform-sized cylin-
ders become less porous with € < 0.3-0.5,
agreement with the values shown in
Table 1 becomes poorer. With systematic
rather than random arrangement agree-
ment is also poorer. Thus for a square
array of cylinders touching each other
Sullivan gives an experimental value of
k = 0.83 for axial flow. Flow perpendic-
ular to such an array would not be
possible; that is £ — «. It is possible to
obtain less porous systems without having
cylinders touch each other by the use of
different arrangements and the employ-
ment of a range of cylinder sizes, but no
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data are available for flow resistance for
such systems.

Another field of practical interest is
the pressure drop through tube banks,
such as are employed in heat exchangers.
Here again it would be anticipated that
the theoretical relationship developed
would apply best to a nonsystematic
arrangement or to one in which symmetry
is maintained around each cylinder, that
is the equilateral triangular spacing. One
correlation quite generally used is that
of Chilton and Genereaux (4) based on
viscous flow across banks of tubes in an
equilateral arrangement. Mathematically
this correlation is similar to the empirical
equation of Darcy and the Carman-
Kozeny relationship. Thus the Darcy
constant as defined above becomes

m’[(a — D,)/a]

K= 3.30

(25)

The present theoretical treatment gives
K = em?/k, where the value of the
Kozeny constant is established from
Equation (20) or the values in Table 1
for flow perpendicular to cylinders. If
b is taken as the longitudinal® pitch
(Figure 2), the fractional void volume
for a staggered arrangement will be

ab — 7 D2/4

ab (26)

€ =

Since (¢ — D))/a = (ab — D,b)/ab, it is
clear that the Chilton and Genereaux
method involves the employment of b
instead of wD,/4. Since b is always
bigger than #D,/4, this method must
result in a smaller constant in the
denominator of the expression on the right
side of Equation (25) than the Kozeny
congtant.

Two sets of data with transverse
pitches (that is, ratio of ¢/D,) of 1.25
and 1.59 were employed in the establish-
ment of Equation (25), and thus K =
0.061m? and 0.109m? respectively. For
these pitches ¢ = 0.42 and 0.64, corre-
sponding to values of & from Table 1 of
5.30 and 5.85, and accordingly values of
K = 0.079m? and 0.110m? respectively.
Thus=tke~pressure drop predicted by the
theoretical relationship is 239 lower
than the correlation for 1.25 pitch but is
in close agreement at 1.59 pitch.

More recent data by Bergelin et al. (1)
indicate agreement with the theory in
the low Reynolds-number range (below
Ng.~ 5, in this case defined as D,G../u)
for equilateral arrangements. At higher
Reynolds numbers the pressure drop is
greater than predicted, but substantial
deviations do not occur until Reynolds
numbers over 100 are reached. Data
obtained by Bergelin et ol. with other
types of tube arrangement show greater
disagreement, especially with the stag-
gered square-tube distribution. In this

Vol. 5, No. 2

latter case the clearance between tubes
in the direction of flow varies substan-
tially, and so the flow pattern is not
uniform around the tubes. The present
theoretical method does not allow for
variations in tube arrangement. Bergelin
found that it was possible to bring data
for each distributions into line by assum-
ing that the pressure gradient would vary
directly’ with the number of rows. A
theoretical analysis on this basis would
involve in its simplest form the treatment
of resistance to flow through a single
row of parallel cylinders, such as has been
presented by Tamada and Fujikawa (74).

It may be concluded that the free-
surface model presents a simple and
uniform method for handling problems
in visecous flow through assemblages of
cylinders. It is in reasonable agreement
with available data for systems involving
random or uniform flow of fluids through
various fibrous materials and through
banks of tubes in equilateral arrange-
ment. This technique should have further
application in developing more compli-
cated cases such as those involving
simultaneous heat transfer. It should also
be useful in providing suitable parameters
for the correlation of experimental data.
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NOTATION

(consistent absolute units)

a = radius of cylindrical rod, trans-
verse, pitch (Figure 1)

A, B, C, D, E, F = constants

b = radius of cylindrical rod, longi-
tudinal pitch

dp/dx = pressure gradient

D, = outside tube diameter

D, = vyolumetric hydraulic diameter
= 4zm

G, = mass velocity through mini-
mum cross section

k = Kozeny constant

K = Darcy constant

m = hydraulic radius, (free volume)/
(exposed area)

D = pressure at any location

Q = flow rate

T = distance from axis of cylinder

u = fluid velocity in z direction,

axial in case of flow parallel to
cylinders, perpendicular to cyl-
inders in case of cross flow

A.l.Ch.E. Journal

v, = fluid velocity in radial direction
s = fluid angular velocity

Usg = average value of u

U = cylinder velocity in z direction

w = force on cylinder in z direction

z = direction of average fluid flow
relative to solid cylinder

Zo(p) = wvalue of the second-order Ep-
stein zeta function with non-
vanishing lower parameters
along the constant-value con-
tour which most nearly approxi-
mates the circle p* = 22 4 32

Greek Letters

V4 = biharmonic operator = (V3?2
where V2 is the Laplace opera-
tor

fractional void volume

angular distance

viscosity

= ratio of cylinder radius to dis-

tance between cylinder centers
in a square lattice

¥ = gtream function

I
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